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Abstract. Littlewood-Paley-Stein (LPS) operator is operator that maps a function to square

1/2
function associated with a function 1, that is f (Zjel [thg—5 * f|2) . Littlewood-Paley

established a sufficient condition for boundedness of LPS operator in classical Lebesgue Space.
The condition is expressed in term of bound for sum || + |V¢|. In this article, we investigate
and prove boundednesss of LPS operator with a generalized version for the bound from the
original version.
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1. Introduction

In this work we will prove the boundedness of Littlewood-Paley operator type square function
in Lebesgue space with an improved sufficient condition. This operator has introduced by Stein
is called Littlewood-Paley-Stein (LPS) operator [2].

Let ¢ : R™ — R is be an integrable function and ) € C'(R") with condition
(i). 1(0) = 0, where ¢ is Fourier Transform of 1.

(ii). There exists B > 0 such that for every z € R™ then |¢(x)| + |V (x)| < W.

Define LPS operator g, by

gu(f) = [ I8P

JEZ

where A;(f) :=1)y—; x f for every f is measurable function, 1y, (z) := 2/"(27z) and j € Z.
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Let 1 < p < oo, we define weak Lebesgue space wLP(R™) by the set of all measurable function
in R™ such that

1
flhore = supt{z € R™ : [f(z)] > t}[» < o0
t>

Littlewood-Paley showed the following boundedness in [I]

Theorem 1. Let 1 < p < oo. If ¢ integrable function in R"™ , ) € CY(R"), satisfies condition
(1) and (ii) then gy is

(1) bounded from L'(R™) to wL'(R™).
(2) bounded from LP(R™) to LP(R™). Hereafter, we say bounded on LP(R™).

The aim of this article to show the boundedness of g, from L'(R") to wL!'(R™) and the
boundedness on LP(R™) with with weaker condition for (ii) become

9@ + VU@ € s 0 >0 &)

Our strategy to prove boundedness from L'(R") to wL!(R") by show g, is Calderén-Zygmund
operator, while the boundedness on LP(R"™) using Marcinkiewicz interpolation Theorem and
duality Theorem. Marcinkiewicz interpolation suffice to show gy is bounded from L!(R™) to
wL!(R™) and bounded on LP(R").

Note that for @ > 1 the boundedness easy to see by Theorem [T} So, we suffice to proof the
boundedness for 0 < o < 1.

The following is definition of Calderén-Zygmund kernel and Calderén-Zygmund operators

Definition 2 (Modification, [1], p.402). Let K : C — % be a bounded sublinier operator from
C to £?. K is Calderdn-Zygmund kernel if only if satisfying following this condition
(K1). There exists Ko bounded linier operator such that

/ I?(y>dy - Igo
e<]y|<1

(K2). There exists Cp, > 0 such that for every x € R"\{0}

=0
02

lim
e—0

1K (2)ll2 < Calee|

(K3). For every y € R"\{0} satisfies
[ IR = y) - R@)eds < C..
|z >2]y|
Calderdn-Zygmund operator |T||s, associated with kernel K as follows.

Tf(x) = lim K(y)f(z —y)dy. (2)

e—0 ly|>e
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Proposition 3. Suppose v integrable function in R™, ¢ € C*(R™) and 1 satisfy the following
condition

(C1). 4(0) =0
(C2). Satisfy (1)), where 0 < o < 1.
Let K (z) := {tg—i (2)}2__.. For f € C°(R") and T(f) := K « f then K is Calderén-Zygmund

Jj=—00

kernel and gy, = ||T(-)||s2 is a Calderén-Zygmund operators.

2. Proof of Proposition 3 and the Aplication

For K is bounded linier operator and existence of Ky proved in [1] on Theorem 6.1.2, and the
proof does not depend on the new condition. So, we suffice to prove for condition (K2) and
(K3).

(K2). For 0 < a < 1, let & € R™, and choose k € Z such that 2k=1/@ < |z| < 2k/@

22jn’x‘2n 22]71 2n
Z <1+ ’2]1.‘ 2n+2o¢ - Z |.%" + Z 22]‘ ’2&
JEZ i<—k
(25 2
< D 2P Y 22]| 2
1<—k ji>—k
2(J+k)n 1
< Z Z 22(j+k—1)

7>k

7" +222t _CELa

Mgm

t

Il
=)

(K3). For 0 < a < 1, by using mean value theorem, there exists 6 € (0, 1) such that for |z| > 2|y|
satisfy |z — y| > %|z|, and

(- (& — y) = Y- ()] < 27HV|V(2T (@ — Oy))| < B2V (1 + 277 z)~ 02Ty (3)
By using triangle inequality,

|23 (@ — y) — Was ()| < 2B27 (1 4277 [ar]) =0+, (4)
From (3)), and for v € [0, 1] is satisfied,
(- (2 — y) — P ()| < 2177 B2Y (2 [y|) (14 27 )=+, (5)
Choose vy = a for 27 < ‘927', and v = § for 2 > ‘2|, from we obtain

IR (@ —y) = R@lle < KB (Il + lylFla " F).
By using radial integral for o > 0 there exists C,, > 0 such that
[N - Rl < B
|z[>2[y]

This step is completed for our prove to K is Calderon-Zygmund kernel. T associated with K in
relation it implies gy = ||T(+)||¢2 is Calderén-Zygmund Operators.

From Thoma [6] the Calderén-Zygmund operator implies the it is well-defined and bounded
from L'(R") to wL!(R™).
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3. Operator g, is bounded on L?*(R")

We will give a new additional condition to ensure that the boundedness on L?(R™) holds. The
new condition is not necessary condition and we still have replace this condition with other one.

Proposition 4. Let v is function satisfies condition in Propotition [3 and following condition

C3. For any y € R"\{0} and 0 < a < 1 satisfy
[ 19ta) = vl ~ y)lde < Blyl®
then gy is bounded on L*(R™).

Proof. For 0 < a < 1. Note that [e=2™#€ — 1| < |¢|2||2, then by (C1) and (C2) we obtain

3] < [l i@l < 62 [ ol o()lds < CaBlel?. ()
R Rn
Note that
0O == [ w—pe i dn, with y= oo

such that from (C3) condition we obtain

1

301 = |3 [ 060 = vta - e ritas

1 a+1
! <r=(3) Bl ™

2

From (6] and (7)), we obtain 7, such that |n| = |¢|*, and

[W(n)| < CaBy/m and  [$(n)] < CoBln| ™" (8)

Furthermore, take 19 # 0, the least k € Z such that 127Fno| < 1. If j > k then [27Tng| < 2k—7
and if j < k then |2 75| > 2¥~7. We obtain

S @ ne) P =3 [0 o)+ Y [0(2 ) * < C2B2. 9)

JEZ j>k i<k

By using @[} and Plancherel theorem,

2 = k) (@) | de = i )(x)Pdz
oo = | Xl NP | > [ M Diw)a

JEZ
- 02 (279) F2 ()| dn = D2 T2 F12 4 0nd
%/Rnlzb (277n) f=(n)|dn /RRJ%W(Q P12 2 gy i

< C2B2||f 32 gmy = C2B2| f13 2
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4. The Boundedness of LPS Operator with an Improved Sufficient Condition

In this section, we will prove L”—boundedness LPS operator with new condition

Proposition 5. Let 1 < p < oo, If ¢ satisfies condition in Proposition 2 and (C3) condition
then g, on LP(R™), that means there exists Cy o p > 0 such that for f € LP(R™) then

19w (N)lzr < Crapll flize

Proof. Using Proposition [3, ] and by Marcinkiewicz interpolation Theorem, we obtain gy, is
bounded on LP(R"), where 1 < p < 2. Let gy, be the dual of gy. It’s assotiated with ¢,-;(—x)
by convolution relation, and implies (C1)-(C3) condition. By duality we obtain, for 2 < p < oo
and L +1 =1

P a

19 (Dllee = sup (gy(f),h) = sup (f,g5(h) < fllee sup |lg(R)llLe < Crapll fllLe-
Al a=1 Al a=1 Il a=1

O

We conclude the LPS operator is bounded on LP(R™) for 1 < p < 0.

Remark 6. For a > 1 constant of boundedness is not depend with o, but not for 0 < a < 1.
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